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f SNTRODUCTION 

P r o j e c t  Ob jec t ives  

The o b j e c t i v e  of t h e  p re sen t  r e sea rch  i s  twofold.  The f i r s t  o b j e c t i v e  is 
t o  f u r t h e r  t h e  t h e o r e t i c a l  understanding of supe r son ic  flow s e p a r a t i o n  through 
an a n a l y t i c a l  i n v e s t i g a t i o n .  The second o b j e c t i v e  i s  t o  develop a semi-empir ical  
c o r r e l a t i o n  of t h e  s i g n i f i c a n t  parameters found i n  t h e  a n a l y t i c a l  s tudy  based on 
a v a i l a b l e  experimental  d a t a ,  
of a method of p r e d i c t i n g  t h e  p r e s s u r e  d i s t r i b u t i o n  on a s u r f a c e  in a s e p a r a t i n g  
and r e a t t a c h i n g  supe r son ic  flow. 

Such c o r r e l a t i o n s  a r e  necessa ry  t o  t h e  completion 

A n a l y t i c  a n a l y s i s .  The f i r s t  s t e p  i n  t h e  a n a l y t i c a l  a n a l y s i s  was a compre- 
hens ive  survey and e v a l u a t i o n  of t h e  e x i s t i n g  l i t e r a t u r e  i n  t h e  f i e l d .  The major 
p a r t  of t h i s  survey has  been c a r r i e d  out  and a summary of t h e  m a t e r i a l  i s  g iven  
i n  t h i s  r e p o r t .  
t h e  c o u r s e  of t h e  p r o j e c t .  An i n t e n s i v e  s e a r c h  f o r  s u i t a b l e  supe r son ic  boundary 
l a y e r  d a t a  i s  a l s o  c u r r e n t l y  underway. 

The e v a l u a t i o n  o f  c u r r e n t  l i t e r a t u r e  w i l l  be cont inued throughout 

Considerable  e f f o r t  has  been devoted t o  determining t h e  s i g n i f i c a n t  pa rame te r s  
and t h e  proper combination of s impl i fy ing  assumptions.  A t  t h e  d a t e  of t h i s  r e p o r t  
t h i s  p a r t  of t h e  a n a l y s i s  o f  t h e  problem i s  incomplete)  a l though  encouraging p r o g r e s s  
h a s  been made. Once p a r a m e t i z a t i o n  of t h e  problem i s  more .nea r ly  complete,  t h e  
chosen parameters  and t echn iques  w i l l  be mated w i t h  empir ica l  c o r r e l a t i o n s  from 
what d a t a  i s  a v a i l a b l e ,  forming an  i n t e g r a t e d  a n a l y s i s  of t h e  problem. 

Empi r i ca l  c o r r e l a t i o n s .  Both supersonic  and subsonic  experimental  d a t a  have 
been ana lyzed  i n  a t t e m p t s  t o  o b t a i n  v a l i d  e m p i r i c a l  c o r r e l a t i o n s .  Thus f a r  t h e  
c o r r e l a t i o n s  ob ta ined  have been u n s a t i s f a c t o r y  due t o  t h e  l a c k  of e m p i r i c a l  d a t a  
of a s u i t a b l e  n a t u r e ,  These c o r r e l a t i o n  attempts and rhe  problems involved a r e  
d i s c u s s e d  i n  subsequent s e c t i o n s  of  t h i s  r e p o r t .  

11. LITERATURE SURVEY (ANALYTICAL METHODS) 

11-1. General Discussion 

The p r e s e n t a t i o n  of most l i t e r a t u r e  i n  t h i s  f i e l d  fol lowed n e a r l y  t h e  same 
p a t t e r n .  The i n t e g r a l  momentum equa t ions  a r e  used almost e x c l u s i v e l y  a s  t h e  
s i m p l i f y i n g  technique f o r  handl ing t h e  boundary l a y e r  e q u a t i o n s ,  Most i n v e s t i g a t o r s  
choose t o  ana lyze  t h e  problem i n  s t e p s ;  f o r  example, 1) p r i o r  t o  s e p a r a t i o n )  2) 
s e p a r a t i o n  t o  shock impingement, 3 )  impingement t o  reat tachment  and 4 )  a f t e r  re- 
a t t achmen t ,  The i n i t i a l  assumptions f o r  handl ing t h e  boundary l a y e r  e q u a t i o n s  
throughout  a l l  r e g i o n s ,  i n  g e n e r a l ,  stem from p r i o r  knowledge of a t t a c h e d  f lows.  

The behavior of t h e  v e l o c i t y  p r o f i l e s  w i t h i n  t h e  s e p a r a t e d  r e g i o n  i s  q u a l i -  
t a t i v e l y  understood,  
a n a l y t i c a l l y .  Some p r e f e r  polynomials ( a s  used by Karman-Pohlhausen), wh i l e  o t h e r s  
have adopted t h e  Falkner-Skan, 'Stewartson r e v e r s e d  f low,  o r  combinations o f  t h e s e  

However, t h e s e  p r o f i l e s  have been handled i n  s e v e r a l  ways 



p r o f i l e s .  
t h e y  become u n r e a l i s t i c  r e p r e s e n t a t i o n s  i n  t h e  fo l lowing  r eg ion .  
t o  ( 7 )  p r e s e n t  much of t h e  l i t e r a t u r e  d e s c r i b i n g  t h e  d i f f e r e n t  boundary l aye r  
p r o f i l e  s. 

Some of t h e s e  p r o f i l e s  have i n h e r e n t  advantages i n  one r e g i o n  whi le  
References  (1)* 

Experimental  s t u d i e s  of t h i s  phenomenon have provided a model of t h e  flow 
which i e  used f o r  t h e o r e t i c a l  c o n s i d e r a t i o n s .  
p i c t o r i a l  r e p r e s e n t a t i o n  of two commonly encountered flow s i t u a t i o n s ) .  
m a j o r i t y  of t h e  a n a l y t i c a l  t rea tment8  based on t h i s  f low model have been based 
on t h e  Crocco-Lees (8) method. 

(See F i g u r e s  1-a and 1-b f o r  a 
The 

The a n a l y s i s  p r i o r  t o  shock impingement has  r ece ived  t h e  more s o p h i s t i c a t e d  
t r e a t m e n t ,  whi le  t h e  rea t tachment  i s  g e n e r a l l y  lumped t o g e t h e r  by one or  two 
a d d i t i o n a l  assumptions and i s  t hen  r ep resen ted  by a simple s e t  of  equa t ions .  

The remainder of t h i s  s e c t i o n  i s  devoted t o  a d i s c u s s i o n  of f o u r  r e c e n t  
They r e p r e s e n t  t h e  c u r r e n t  r e f inemen t s  and i n -  methods which have appeared,  

c o r p o r a t e  much of the  e a r l i e r  l i t e r a t u r e  i n  t h e i r  development. 

11-2. Crocco-Lees Method by G l i c k  (9) 

The Crocco-Lees (8) method i s  based upon t h e  assumption t h a t  t h e  parameters  
d e s c r i b i n g  t h e  boundary l aye r  a r e  dependent upon t h e  r a t e  of en t ra inment  of f l u i d  
i n t o  t h e  boundary l aye r  from t h e  e x t e r n a l  stream and t h a t  t h e r e  e x i s t  c e r t a i n  
univer  sa  1 c o r r e  l a  t i o n  f unc t ions  which r e  l a t e  t h e s e  parameter s . 

An e x t e n s i o n  of t h e  Crocco-Lees method was made by Gl i ck  ( 9 ) .  T h i s  s tudy 
of s epa ra t ed  and r e a t t a c h i n g  e r g i o n s  of flow l e d  t o  a p h y s i c a l  model which 
i n c o r p o r a t e s  t h e  concept of t h e  "dividing" s t r eaml ine  and uses  exper imenta l  
d a t a  t o  determine v a l u e s  f o r  t h e  s i g n i f i c a n t  parameters .  According t o  t h i s  
p h y s i c a l  model, v i s c o u s  momentum t r a n s p o r t  i s  t h e  e s s e n t i a l  mechanism i n  t h e  
zone between s e p a r a t i o n  and t h e  beginning of r ea t t achmen t ,  whi le  t h e  rea t tachment  
p rocess  i s ,  on t h e  c o n t r a r y ,  an e s s e n t i a l l y  i n v i s c i d  p rocess .  

The Crocco-Lees method d i v i d e s  the flow i n t o  two r e g i o n s  - an o u t e r  r e g i o n  
which i s  assumed t o  be e s s e n t i a l l y  n o n d i s s i p a t i v e ,  and an inner  r e g i o n  i n  which 
v i s c o s i t y  i s  assumed t o  p l ay  a n  important r o l e .  
r e g i o n  i n  terms of Crocco-Lees' language, 
measured by t h e  l e n g t h ,  6 ,  which f o r  t h e  c a s e  of a body i n  high-Reynolds-number 
s t ream i s  t h e  usua l  boundary l a y e r  t h i ckness .  The d e f i n i t i o n  of t h e  l eng th  6 
i s  a r t i f i c i a l ,  and p h y s i c a l  q u a n t i t i e s  such a s  p r e s s u r e  and i n t e r a c t i o n  d i s t a n c e  
should not  be s e n s i t i v e  t o  the  d e f i n i t i o n  of 6.  I n  o rde r  t h a t  t h e  equa t ions  
d e s c r i b i n g  a t t a c h e d ,  s e p a r a t e d ,  and r e a t t a c h i n g  f lows can be handled, t h e  fo l lowing  
Simpl i fy ing  assumptions a r e  made: 

F igure  2 expres ses  t h e  s e p a r a t e d  
The e x t e n t  of the  v i s c o u s  r e g i o n  i s  

1. The g r a d i e n t s  of v i scous  or Reynolds s t r e s s e s  i n  t h e  flow d i r e c t i o n  a r e  
n e g l i g i b l e  compared wi th  the s t a t i c - p r e s s u r e  g r a d i e n t  i n  t h e  flow d i r e c t i o n ,  

2.  The p r e s s u r e  g r a d i e n t  t r a n s v e r s e  t o  t h e  s t ream d i r e c t i o n  i s  n e g l i g i b l e .  
3 .  Steady flow e x i s t s .  
4. The e x t e r n a l  flow i s  p l a n e ,  i s e n t r o p i c ,  supersonic  over a f l a t ,  a d i a b a t i c  

w a l l ,  The flow d i r e q t i o n  a t  y = 6 i s  g iven  by t h e  Prandtl-Meyer r e l a t i o n ,  

*Numbers i n  p a r e n t h e s i s  refer t o  r e f e r e n c e s  a t  t h e  end of t h i s  r e p o r t .  
2 
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5 .  P r a n d t l  number i s  u n i t y .  
6 .  V i s c o s i t y  i s  p r o p o r t i o n a l  t o  a b s o l u t e  temperature .  
7. Flow a n g l e s  r e l a t i v e  t o  w a l l  a r e  small .  
8. The gas  i s  the rma l ly  and c a l o r i c a l l y  p e r f e c t .  
9 .  S t agna t ion  tempera ture  i s  cons t an t  throughout t h e  whole f low,  

The b a s i c  parameter of t h e  Crocco-Lees method, and t h e  one used t o  c h a r a c t e r i z e  

10. Viscous r e g i o n  is laminar.  

t h e  flow i n  t h e  v i scous  r e g i o n  i s  def ined  os K ,  where 

(1) momentum f l u x  t I- 

mass f l u x  x l o c a l  e x t e r n a l  v e l o c i t y  u 

The v e l o c i t y  a t  t h e  edge of t h e  boundary l aye r  i s  ue,  
v i s c o u s  r e g i o n  is def ined  by equa t ion  (1) and is denoted by u I .  
and momentum t h i c k n e s s e s  a r e  de f ined  i n  t h e  usua l  manner. 

e 
A mean v e l o c i t y  i n  t h e  

The displacement 

6 
6* = lo(l - e ) d y  - displacement t h i c k n e s s  

Pe e 
6 

O Peue ue 
- J' (A)(l - L)dy = momentum t h i c k n e s s  

The b a s i c  parameter (K) def ined  i n  terma of e i t h e r  t h e  compreesible or incompreeeible 
boundary layer v a r i a b l e s  becomes 

The parameter 
d e f i n e d  a8 

f ,  appear ing  i n  t h e  mean temperature-mean v e l o c i t y  r e l a t i o n , i e  

(6i - bi* - bi**)bi = 6i 
( 6 ;  - 6;*) * (6i - 6 2 ) "  A. 

f =  
L 

(3)  

The d e v i a t i o n s  of f and K from u n i t y  measure, i n  a s ense ,  t h e  nonuniformity 
of t h e  v e l o c i t y  p r o f i l e .  For every  incompressible boundary l a y e r  flow, f and K 
can  be r e l a t e d  t o  each o t h e r ,  so t h a t  t h e  g iven  incompress ib le  flow and t h e  
cor responding  complete f ami ly  of compressible boundary l a y e r  flows ob ta ined  through 
t h e  S tewar tson  (10) t r ans fo rma t ion  a r e  c h a r a c t e r i z e d  by a c e r t a i n  f(K) r e l a t i o n .  
Each f low cor responds  t o  a p o i n t  i n  the f - K  plane and t h e  whole c l a s s  of flows is 
r e p r e s e n t e d  by a s i n g l e  f-K cu rve .  

For convenience,  an a l t e r n a t e  func t ion  of f i s  de f ined  

6 * - 6.** 

bi - 6i* - bi** F G (f/Ka) - 1 = 

a s  

( 4 )  

S i m i l a r l y ,  s i n d e  F and K a r e  de f ined  by incompress ib le  boundary l a y e r  parameters ,  
f o r  every  incompress ib le  v e l o c i t y  p r o f i l e  t h e r e  a r e  unique v a l u e s  of F and K. 

6 i* 
= -  

(j4** ' the G l i c k  n o t i c e d  t h a t  f o r  a g iven  v a l u e  of t h e  form f a c t o r ,  Hi 

i' mean-temperature parameter ,  f ,  goes through a maximum a t  a f i n i t e  vafue  of 6 

6 



whi le  K g e n e r a l l y  has  t h e  p rope r ty  t h a t  i t  i n c r e a s e s  montonica l ly  towards u n i t y  
w i t h  i n c r e a s i n g  ,5i. By choosing 6 i  such t h a t  f i s  maximum, one o b t a i n s  a s i m p l e  
a n a l y t i c a l  expres s ion  f o r  f (K),  which i s  

f(K) = K a / ( 2 K  - 1) , 

F(K) p 2(1 - K)/(2K - 1) , 

The o t h e r  two c o r r e l a t i o n  r e l a t i o n s  necessa ry  t o  complete t h e  fo rmula t ion  of 
t h e  Crocco-Lees method, C(K) and D(I<),  can  be ob ta ined  by f i r s t  u s ing  t h e  S tewar tson  
t r a n s f o r m a t i o n  t o  e l i m i n a t e  c o m p r e s s i b i l i t y  e f f e c t s  and then  examining known i n -  
compress ib le  s o l u t i o n s .  I n  prev ious  s t u d i e s  using t h e  Crocco-Lees method, t h e  
C(K) and D(K) r e l a t i o n s  t h a t  have been used were those  obta ined  from the  Fallcner- 
Skan s o l u t i o n s .  The C(K) i s  t h e  mixing r a t e  c o r r e l a t i o n  func t ion  and D ( K )  i s  t h e  
s k i n - f r i c t i o n  c o r r e l a t i o n  f u n c t i o n .  Roughly speaking, C(K) f o r  t h e  Falkner-Skan 
s o l u t i o n  i s  e s s e n t i a l l y  c o n s t a n t  from s e p a r a t i o n  t o  the  B l a s i u s  flow c o n d i t i o n ,  
wh i l e  t h e  o t h e r  t h e o r e t i c a l  s o l u t i o n s  and t h e  exper imenta l  Schubauer (11) e l l i p s e  
d a t a  show a t r e n d  i n  which C ( K )  drops s h a r p l y  going from t h e  B l a s i u s  c o n d i t i o n  t o  
s e p a r a t i o n .  
f lows  a r e  s i m i l a r  f lows which do no t  have " h i s t o r i e s "  and do not r e f l e c t  t h e  e s s e n t i a l  
change i n  shape of t h e  v e l o c i t y  p r o f i l e  p r i o r  t o  s e p a r a t i o n ,  

T h i s  d i f f e r e n c e  i s  a s s o c i a t e d  wi th  t h e  phys ica l  f a c t  t h a t  Falkner-Skan 

1 1 - 2 . 1  Upstream of s e p a r a t i o n .  The two-dimensional flowe upstream of s e p a r a t i o n  
use  t h e  c o r r e l a t i o n  f u n c t i o n s  obta ined  by t h e  maximum f p r i n c i p l e  mentioned above, 
a new C(K) r e l a t i o n  base'd on boundary l a y e r s  t h a t  have " h i s t , o r i e s , "  and a D(K) 
r e l a t i o n  ob ta ined  by assuming t h a t  D(K) dec reases  l i n e a r l y  from t h e  B l a s i u s  v a l u e  
a t  Kb - .693 t o  z e r o  a t  Ks - . 6 3 0 .  The C ( K )  r e l a t i o n  t h a t  has been chosen i s  one 
t h a t  d e c r e a s e s  l i n e a r l y  from t h e  B las ius  va lue  of (K) t o  z e r o  a t  t h e  s e p a r a t i o n  
va lue  of K, (Gl ick  assumed Kb - ,693 and K s  = .630 t o  be the  b e s t  approximations 
f o r  B l a s i u s  flow and t h e  s e p a r a t i o n  p o i n t . )  The c o r r e l a t i o n  equa t ions  a r e :  

C(K) = 36.2 (K = , 6 3 0 )  , 

F(K) = 2 (1  - K ) / ( 2 K  - 1) , (6)  

D(K) = 22.2 (K = , 6 3 0 ) .  

The Crocco-Lees equa t ions ,  l i n e a r i z e d  w i t h  r e g a r d  t o  Mach number, 

c << M, and M = Moo + 6 

become 

where 6 i s  a k ind  of l o c a l  Reynolds number. 

) 

The L, N ,  P, Q parameters  a r e  ob ta ined  from t h e  fo l lowing  equat ions :  
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2K(1-K) ( 2 K - I ) a J F  
L =  

4 M  K(1-K)(ZKa-2K+l)(l + 9 M a ) C ( K ) S  
m m 

where 

VM," (2K- 1)' ( 2 ~ - 1 ) 3  (M 03 2-1) 

2(2K2-2K+1)(1 + M a) 4(2Ka-2K+1)(1-K)(1 + m M,") 

LM (2K-1) 
L'm m N P - S  

KF(K) 2K(1-K) ' 

2K(l-K)(1 + M,") 

l + q M a  co (2K- 1 )  I, - 1)) - M," 

CJ = D(K)/2(1-K) C(K),  

I n  c a l c u l a t i n g  a s e p a r a t i n g  flow problem, t h e  f r e e  s t ream Mach number, M,,,, 
is known; t h u s  L,  N ,  P ,  and Q depend only  on I<. A va lue  of 6 is chosen a t  t h e  
s e p a r a t i o n  p o i n t ,  which i s  equ iva len t  t o  s e l e c t i n g  t h e  v a l u e  of t h e  s e p a r a t i o n  
Reynolds number, T r i a l  v a l u e s  of c: a t  s e p a r a t i o n  a r e  chosen,  and equa t ions  ( 7 )  
are numer ica l ly  i n t e g r a r e d  i n  the  i i ps t rean  d i r e c t L o n ,  The c o r r s c t  va?iie f o r  e 
a t  s e p a r a t i o n  is ob ta ined  when t h e  i n t e g r a t e d  q u a n t i t i e s  approach t h e  l i m i t  
v a lue8  of e,, and 6b a t  t h e  B l a s i u s  point  (IC - , 6 9 3 ) ;  t h a t  i s ,  

PrnU,X . 

%a 
where A = . 4 4 ,  R e  = - , and 

X 

Cb = t Re /(l-K) 
6** 

where 

= p i 3  px. 
G** 

t = Te/Tt, and R e  

(9) 

The v a l u e  of 5 i s  not  a s  s e n s i t i v e  i n  t h e  i t e r a t i o n  a s  i s  e .  
have been found, t hen  t h e  corresponding l o c a t i o n s  and p r e s s u r e s  a r e  found from: 

Once 6sep and csep 
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-- 11-2.2 Between s e p a r a t i o n  & p r e s s u r e  p l a t e a u .  The problem of s e p a r a t e d  
and r e a t t a c h i n g  flows must be t r e a t e d  i n  a manner t h a t  i s  d i f f e r e n t  from t h e  way 
i n  which the. problem up t o  s e p a r a t i o n  was s t u d i e d ,  s i n c e  no d e t a i l e d  t h e o r e t i c a l  
s t u d i e s  of s e p a r a t e d  and r e a t t a c h i n g  f lows ex is t .  A f t e r  s e p a r a t i o n  , t h e  flow i s  
e s s e n t i a l l y  d iv ided  i n t o  two p a r t s  by t h e  d i v i d i n g  s t r e a m l i n e  - one p a r t  i n c l u d e s  
a l l  t h e  f l u i d  upstream of s e p a r a t i o n  and t h e  o t h e r  p a r t  i s  a s t e a d y  c i r c u l a t i n g  
flow i n  which t h e  f l u i d  elements  con t inuous ly  undergo a c y c l i n g  a c t i o n .  The f l u i d  
a long  t h e  d i v i d i n g  s t r e a m l i n e  i s  a c c e l e r a t e d  by v i s c o u s  momentum t r a n s f e r  i n  t h e  
r e g i o n  between s e p a r a t i o n  and the, beginning of r ea t t achmen t  and i s  the reby  p repa red  
f o r  t h e  forthcoming reat tachment  p re s su re  r i s e  i n  which f l u i d  a long  t h e  d i v i d i n g  
s t r e a m l i n e  i s  s t a g n a t e d .  

I n  re-examining t h e  formulat ion of t h e  Crocco-Lees method beyond s e p a r a t i o n ,  
i t  became c l e a r  t h a t  i n  o r d e r  t o  determine t h e  c o r r e l a t i o n  r e l a t i o n s  q u a n t i t a t i v e l y  
expe r imen ta l  r e s u l t s  must be used,  s ince  no s a t i s f a c t o r y  t h e o r e t i c a l  d a t a  a re  
a v a i l a b l e .  One p a r t i c u l a r  experiment,  performed a t  a f r ee - s t r eam Mach number of 
2.45  and a f r e e - s t r e a m  Reynolds number per  inch of 6 x 104 was s e l e c t e d .  

The c o r r e l a t i o n  f u n c t i o n s  have been determined on ly  up t o  s e p a r a t i o n .  
i s  assumed t o  be z e r o  s i n c e  t h e  s k i n  f r i c t i o n  i s  small  i n  t h e  s e p a r a t e d  r e g i o n ,  
The F(K) r e l a t i o n  between s e p a r a t i o n  and shock impingement i s  assumed t o  remain 
c o n s t a n t  a t  t h e  s e p a r a t i o n  va lue .  C(K)  i s  expected t o  r i s e  con t inuous ly  from 
zero near  s e p a r a t i o n  t o  a h igh  value upscream or' shock impingement. A s  a s i m p i i -  
f i e d  assumption,  C(K) i s  t aken  t o  be a c o n s t a n t  v a l u e  ( e )  between s e p a r a t i o n  and 
shock impingement. ( I n  a l a t e r  ' ' r e f ined"  a t t e m p t ,  G l i c k  used two C(K) v a l u e s ;  
C, was a c o n s t a n t  used between s e p a r a t i o n  and t h e  beginning of t h e  p r e s s u r e  
p l a t e a u ,  and C, was t h e  va lue  assumed d u r i n g  t h e  p r e s s u r e  p l a t e a u . )  These ' % ' I  

v a l u e s  were ob ta ined  from t h e  s i n g l e  expe r imen ta l  d a t a  by e s t a b l i s h i n g  a r e l a t i o n  
between t h e  reat tachment  p r e s s u r e  r i s e  and t h e  a s s o c i a t e d  l eng th  r a t i o  (&/xs). 
The "C" v a l u e s  ob ta ined  a r e  t h e n  regarded a s  u n i v e r s a l  and employed i n  t h e  
a n a l y s i s  of a l l  o t h e r  s e p a r a t i n g  flows. 

D(K) 

The l i n e a r i z e d  equa t ions  which app ly  downstream of s e p a r a t i o n  are: 
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By u s i n g  t h e  u n i v e r s a l  v a l u e  f o r  C, (Glick used C, = 11.0) t h e s e  equa t ions  may 
be  numer i ca l ly  i n t e g r a t e d  i n  t h e  downstream d i r e c t i o n .  A s  i n  t h e  p rev ious  
c a l c u l a t i o n s ,  t h e  p r e s s u r e  d i s t r i b u t i o n  may be  obta ined  from e q u a t i o n s  (10) 
and (11). 

The i n i t i a l  assumptions 1-10 l a r g e l y  stemmed from a t t a c h e d  boundary l a y e r  
t h e o r y  and a r e  i n  q u e s t i o n  only f o r  the  s e p a r a t e d  p a r t s  of t h e  flow. The l ack  
of knowledge of t h e  F(K), C(K), and D(K) r e l a t i o n s  f o r  t h e  sepa ra t ed  r e g i o n  i s  
cons ide red  t o  be t h e  major l i m i t a t i o n  of t h e  method. 

11-3. Lees and Reeves Method (12) 

The aim of t h i s  method was t o  c o n s t r u c t  a t heo ry  t h a t  i s  capable  of i n c l u d i n g  
t h e  e n t i r e  flow w i t h i n  st s i n g l e  framework, wi thout  i n t roduc ing  semi-empirical  
f e a t u r e s .  The method employs t h e  f i r s t  moment of t h e  momentum i n  a d d i t i o n  t o  
t h e  u s u a l  momentum i n t e g r a l  ( z e r o t h  moment). Th i s  method i t s e l f  i s  not new, b u t  
i t  t u r n s  out t h a t  i t s  s u c c e s s f u l  a p p l i c a t i o n  t o  sepa ra t ed  and r e a t t a c h i n g  flows 
h inges  on t h e  proper cho ice  of t h e  one-parameter fami ly  of v e l o c i t y  p r o f i l e s  
u t i l i z e d  t o  r e p r e s e n t  t h e  i n t e g r a l  p r o p e r t i e s  of t h e  v i scous  flow. The 
Stewar tson  (5) r e v e r s e d  flow p r o f i l e s  were found t o  have t h e  q u a l i t a t i v e l y  
c o r r e c t  behavior whi le  polynomials did n o t ,  

I n  o rde r  t o  avoid  t h e  semi-empirical  f e a t u r e s  of t h e  Crocco-Lees method 
f o r  s e p a r a t e d  and r e a t t a c h i n g  f lows,  a t  l e a s t  one a d d i t i o n a l  moment of t h e  
momentum equa t ion  must be employed. 
t h e  one by Tan i  (13 ) ,use  t h e  same approach. Th i s  a p p l i c a t i o n  combines t h e  
a t t r a c t i v e  f e a t u r e s  of T a n i ' s  technique w i t h  t h e  a p p r o p r i a t e  S tewar tson  re- 
v e r s e d  flow p r o f i l e s .  

Seve ra l  o the r  methods, and more r e c e n t l y  

Upstream of s e p a r a t i o n  t h e  i n t e r a c t i o n  between t h e  laminar boundary l a y e r  
and t h e  e x t e r n a l  supe r son ic  flow i s  comple te ly  determined by t h e  Reynolds 
number and t h e  p rev ious  h i s t o r y  of the boundary l a y e r .  Downstream of s e p a r a t i o n ,  
t h e  magnitude of t h e  peak reversed-flow v e l o c i t y  i n  t h e  v i s c o u s  l a y e r  i nc rease8  
s t e a d i l y  w i t h  d i s t a n c e  a long  t h e  s u r f a c e ,  r eaches  a maximum, and then  d e c r e a s e s  
a g a i n  a s  t h e  d i v i d i n g  s t r eaml ine  moves f a r t h e r  and f a r t h e r  away from the  s u r f a c e .  
A polynomial r e p r e s e n t a t i o n  of t h e  v e l o c i t y  p r o f i l e  based on a s i n g l e  parameter 
was found t o  be inadequate  t o  desc r ibe  t h e  oequence of even t s .  
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The s o l u t i o n  f o r  f low upstream of s e p a r a t i o n  a s  developed i n  t h i s  method 
r e q u i r e s  t h e  i t e r a t i o n  s o l u t i o n  of two s imultaneous equa t ions  i n  which two 
v a r i a b l e s  m u s t  s imu l t aneous ly  v a n i s h  a s  t h e  B l a s i u s  c o n d i t i o n  i s  reached. 
Between s e p a r a t i o n  and shock impingement t h e  s o l u t i o n  i s  ob ta ined  by s o l v i n g  
two e q u a t i o n s .  T h i s  s o l u t i o n  i s  uniquely determined by t h e  c o n d i t i o n s  p re -  
v i o u s l y  found f o r  s e p a r a t i o n .  

Downstream from t h e  shock impingement p o i n t  t h e  t h r e e  q u a n t i t i e s  "a" 
( v e l o c i t y  p r o f i l e  parameter) ,  t h e  l o c a l  Mach number, and t h e  t ransformed 
displacement  t h i c k n e s s  a l l  decrease u n t i l  reat tachment  i s  reached.  

An i n t e r e s t i n g  s i d e l i g h t  mentioned by Lees and Reeves i s  t h e  d e f i n i t i o n  
of " s u b c r i t i c a l "  and " s u p e r c r i t i c a l "  flows. 
termed " s u b c r i t i c a l  ,It whereas t h e  flow i s  " s u p e r c r i t i c a l "  when (dg/dp) < 0. 
A s u b c r i t i c a l  boundary l a y e r  i s  capable  of g e n e r a t i n g  i t s  own p o s i t i v e  p r e s s u r e  
g r a d i e n t  i n  t h e  flow d i r e c t i o n  by i n t e r a c t i n g  w i t h  an  e x t e r n a l ,  i n v i s c i d  super- 
s o n i c  s t ream. A s u p e r c r i t i c a l  f low, on t h e  o t h e r  hand, responds t o  a p r e s s u r e  
r i se  g e n e r a t e d  downstream only through a sudden ''jump" o r  "shock" t o  a sub- 
c r i t i c a l  s ta te .  Within t h e  framework of t h e  Crocco-Lees mixing theo ry ,  a d i a -  
b a t i c  laminar  boundary l a y e r s  a r e  s u b c r i t i c a l  , whereas a d i a b a t i c  t u r b u l e n t  
boundary l a y e r s  a re  s u p e r c r i t i c a l .  

When (d&/dp) > 0 t h e  flow i s  

11-4. Makofski Method (14) 

T h i s  method u s e s  a Godif ied Pohlhausen approach w i t h  t h e  v e l o c i t y  d i s t r i -  
b u t i o n  r e p r e s e n t e d  by a f i f t h - d e g r e e  polynomial w i t h  two undetermined parameters .  
One of t h e  parameters  i s  r e l a t e d  t o  the  s k i n  f r i c t i o n  a t  t h e  w a l l  wh i l e  t h e  o t h e r  
i s  p r o p o r t i o n a l  t o  t h e  imposed p res su re  g r a d i e n t .  I n  t h e  r e g i o n s  of f low s e p a r a t i o n  
t h e  concept  of t h e  d i v i d i n g  s t r eaml ine  i s  in t roduced  i n  o rde r  t o  compute t h e  l e n g t h  
of t h e  Sepa ra t ed  r e g i o n  and t h e  beginning of r ea t t achmen t .  

The method of a n a l y s i s  used by Makofslci c o n s i s t s  of t r ans fo rming  t h e  com- 
p r e s s i b l e  laminar boundary l a y e r  equa t ions  i n t o  incompressible  form, o b t a i n i n g  
i n t e g r a l  r e l a t i o n s ,  and f i n a l l y ,  so lv ing  t h e s e  r e l a t i o n s  by use  of t h e  f i f t h -  
degree polynomial r e p r e s e n t a t i o n  of the v e l o c i t y  p r o f i l e .  

The parameters  'la" and "b" which d e s c r i b e  t h e  v e l o c i t y  p r o f i l e s  are  dependent 
o n l y  upon t h e  l o c a l  Mach number and Reynolds number and a r e  independent of t h e  
agency caus ing  t h e  d i s t u r b a n c e ,  For a f l a t  p l a t e  without  p r e s s u r e  g r a d i e n t  
( B l a s i u s  flow) , 'la'' i s  1.78365 and "b" i s  0. For 'la'' l e s s  t h a n  z e r o ,  t h e  flow 
w i l l  be  s e p a r a t e d  from t h e  w a l l .  The i n t e r a c t i o n  i s  s t i l l  desc r ibed  by t h e  
equa t ions  developed f o r  t h e  a t t a c h e d  flow except  t h a t  t h e  concept of t h e  d i v i d i n g  
s t r e a m l i n e  must be  in t roduced  i n  order t o  compute t h e  l e n g t h  o f  t h e  s e p a r a t e d  
r e g i o n  and t h e  reat tachment  p r e s s u r e  r i s e .  

Makofski compared h i s  a n a l y t i c a l  c a l c u l a t i o n s  a t  Mach 2 . 0  w i t h  experimental  
d a t a  and i n  h i s  words, t h e  c o r r e l a t i o n  was "exce l l en t . "  However, t h i s  method i s  
more complex t h a n  t h a t  desc r ibed  by Pinlcus ( s e e  below) and it s h a r e s  t h e  same 
weakness; t h a t  i s ,  i t  presupposes t h e  p o s i t i o n  of t h e  d i v i d i n g  s t r e a m l i n e .  Thus 
i n  i t s  p r e s e n t  form, t h e  Makofqki method cannot be  used t o  p r e d i c t  t h e  flow i n  
t h e  s e p a r a t e d  r e g i o n  when on ly  t h e  geometry and upstream f low c o n d i t i o n s  a r e  given.  
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11-5. Pinkus Method (15) 

A system of equa t ions  was developed by Pinkus which app ly  t o  t h e  c a s e  of 
s e p a r a t e d  laminar boundary l a y e r s  on compression c o r n e r s  and curved s u r f a c e s .  
T h i s  method i s  a n  ex tens ion  of T a n i ' s  work. Tani  had a p p l i e d  h i s  approach 
on ly  t o  a t t a c h e d  flows wh i l e  Pinkus extended t h i s  t o  s e p a r a t e d  f lows .  Both 
methods a r e  based on a q u a r t i c  v e l o c i t y  p r o f i l e  and make use of t h e  mornent-of- 
momentum boundary l aye r  equa t ion .  

The s e p a r a t e d  boundary l aye r  i s  d iv ided  i n t o  r e g i o n s  a s  shown i n  F i g u r e  3 .  
The d i v i d i n g  s t r e a m l i n e  i s  assumed t o  be  r e p r e s e n t e d  by t h e  d i r e c t i o n  of  t h e  
i s e n t r o p i c  stream, which makes t h e  c a l c u l a t i o n  of t h e  behavlor of s e p a r a t e d  
f lows r e l a t i v e l y  s imple.  

A fou r th -o rde r  polynomial r e p r e s e n t s  t h e  v e l o c i t y  p r o f i l e  

U Y Y Y Y - U = a. + "(a) + b(;;>a + c ( ~ ) "  + d(2-4 
e 

where t h e  c o e f f i c i e n t s  a r e  determined by boundary c o n d i t i o n s :  

Y = O :  u p 0  

The remaining boundary c o n d i t i o n ,  

i s  dropped so t h a t  t h e  c o e f f i c i e n t s  in t h e  q u a r t i c  depend i n  t h i s  c a s e  on "a", 
The a r b i t r a r y  parameter "a" has phys i ca l  meaning i n  t h a t  i t  i s  p r o p o r t i o n a l  t o  
t h e  s h e a r i n g  stress a t  t h e  w a l l .  When a = 0 ,  t h e  shear  a t  t h e  w a l l  i s  z e r o  and 
t h e  f low i s  ready  t o  s e p a r a t e .  
a = 0. The u s e f u l n e s s  of ''a'' l i e s  ,lot on ly  i n  d e f i n i n g  t h e  r e g i o n  of s e p a r a t i o n  
bu t  a l s o  i n  t h e  f a c t  t h a t  it ex tends  t o  and embraces t h e  a t t a c h e d  and t r a n s i t i o n  
r e g i o n s ,  Values of "a" f o r  t h e  cons t an t  p r e s s u r e  s o l u t i o n  (dp/dx = 0) a r e  1.857 
and -4.887. These r e p r e s e n t  t h e  e x t r e m i t i e s  f o r  "a"y t h e  B l a s i u s  type  flow when 
a = 1.857, and t h e  r e v e r s e d  flow i n  the p r e s s u r e  p l a t e a u  r e g i o n  where a = -4.887. 
F i g u r e  3 shows t h e  behavior of t h e  v a r i a b l e  "a" a s  t h e  f low p a s s e s  through a 
laminar s e p a r a t i o n  r e g i o n .  

The reat tachment  p o i n t  i s  a l s o  r e p r e s e n t e d  by 

The a n a l y s i s  i s  broken i n t o  t h r e e  r eg ions :  t h e  detachment, c e n t r a l ,  and 
r ea t t achmen t ,  The d i v i d i n g  s t r eaml ine  i s  s i g n i f i c a n t  because i t  commences a t  
t h e  p o i n t  of s e p a r a t i o n  and ends a t  t he  p o i n t  of r ea t t achmen t .  A s  mentioned 
e a r l i e r ,  it i s  mathematical ly  more convenient t o  p o s t u l a t e  t h a t  t h e  d i v i d i n g  
s t r e a m l i n e  determines t h e  d e f l e c t i o n  a n g l e s  of t h e  e x t e r n a l  stream. 

I n  t h e  detachment r e g i o n  a system of 3 equa t ions  and 3 unknowns i s  developed. 
By s imul t aneous ly  s o l v i n g  thesC, t h e  r e q u i r e d  boundary l a y e r  t h i c k n e s s  and l o c a l  
Mach numbers are ob ta ined ;  hence t h e  pressure d i s t r i b u t i o n  can be o b t a i n e d ,  
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I n  t h e  c e n t r a l  r e g i o n  (from x1 t o  x a >  t h e  p r e s s u r e  i s  e s s e n t i a l l y  c o n s t a n t .  
T h i s  means a cons t an t  Mach number and t h e  d i v i d i n g  s t r e a m l i n e  has  a cons t an t  
s l o p e .  Again, t h r e e  equa t ions  m u s t  be used t o  so lve  t h i s  r eg ion .  

0 

The onse t  of t h e  reat tachment  r eg ion  i s  c h a r a c t e r i z e d  b y  a pronounced i n -  
c r e a s e  i n  t h e  p r e s s u r e  g r a d i e n t .  The Prandtl-Meyer compression forrnula , \ together  
w i t h  t h e  boundary l a y e r  equa t ions ,  provides  t h e  s o l u t i o n  f o r  "a" i n  t h i s  r e g i o n  
(xa-x3) .  
s t r e a m l i n e  must a s y m p t o t i c a l l y  meet the  w a l l  a t  t he  reat tachment  p o i n t ,  T h i s  
i s  handled by a c o n s t a n t  (K,) t h a t  must be s u i t a b l y  chosen so  t h a t  bo th  t h e  
magnitude o f  t h e  p r e s s u r e s  and t h e  l eng th  of t h e  reat tachment  r e g i o n  a r e  
s a t i s f i e d .  I n  o t h e r  words, t h e  end cond i t ions  and t h e  reat tachment  p o i n t  
impose t h e  r e s t r i c t i o n s  on t h e  cho ice  of K,. 

The s o l u t i o n  f o r  t h i s  r eg ion  i s  c o n s t r a i n e d  because the  d i v i d i n g  

111. LITERATURE SURVEY (EXPERIMENTAL PRESSURE DATA) 

111-1. Subsonic Flow 

A t  the praeent  t h e  most v a l u a b l e  d a t a  a v a i l a b l e  f o r  subson ic ,  laminar 
s e p a r a t i o n  c o r r e l a t i o n s  a re  t h a t  taken by G .  Schubauer (11) on a n  e l l i p t i c a l  
c y l i n d e r .  I n  t h i s  experiment Schubauer placed a n  e l l i p t i c a l  c y l i n d e r  perpen- 
d i c u l a r  t o  an  a i r  flow of 11.5 f e e t  per second v e l o c i t y .  V e l o c i t y  p r o f i l e s  
across t h e  boundary l a y e r  were measured w i t h  a hot  w i re  anemometer a t  twelve 
s t a t i o n s ,  from t h e  s t a g n a t i o n  p o i n t  t o  j u s t  a f t e r  t h e  s e p a r a t i o n  p o i n t ,  Also 
t h e  s t a t i c  wa l l  p r e s s u r e  was measured a t  s i x t e e n  p o i n t s  around one s i d e  of 
t h e  e l l i p s e .  Thus b o t h  v e l o c i t y  p r o f i l e  and w a l l  s t a t i c  p r e s s u r e  measurements 
were a v a i l a b l e  for convereion i n t o  Crocco-Lees n o t a t i o n  and subsequent c o r r e l a t i o n .  

The o n l y  o t h e r  a p p l i c a b l e  subsonic experimental  d a t a  which has  been found 
i s  t h a t  o f  Fage (16 ) .  
h a s  no t  y e t  been c a r r i e d  o u t ,  

A proper  eva lua t ion  of t h e  d a t a  con ta ined  i n  Fage ' s  paper 

111-2. Supersonic Flow 

The a v a i l a b l e  p r e s s u r e  d a t a  f o r  laminar s e p a r a t i o n s  i s  r e s t r i c t e d  t o  t h e  
lower Mach numbers. The l a c k  of d a t a  above approximately Mach 3 .0  has  a l s o  been 
no ted  by o t h e r s  i n  t h e  l i t e r a t u r e .  

The i n v e s t i g a t i o n  of t h e  t r a n s i t i o n  r e g i o n  by Chapman ( 1 7 )  p r e s e n t s  s e v e r a l  
p r e s s u r e  d i s t r i b u t i o n s  of i n t e r e s t  a t  lower Mach numbers. Also,  Gadd e t  a l .  (18) 
p r e s e n t  p r e s s u r e  d a t a  i n  t h e i r  s tudy .  These s t u d i e s  r e p r e s e n t  two broad e x p e r i -  
mental  programs f o r  determining t h e  e f f e c t s  of v a r i o u s  parameters  on t r a n s i t i o n  
i n  t h e  s e p a r a t e d  r e g i o n .  

A r e c e n t  r e p o r t  by P a t e  (19) p re sen ted  laminar s e p a r a t i o n  r e s u l t s  a t  Mach . 
3.0. Also of i n t e r e s t  i n  t h i s  r e p o r t  a r e  t h e  v e l o c i t y  p r o f i l e s  which were measured 
by a p i t o t  probe. A boundary l a y e r  t h i ckness  of approximately 0.4  i nches  pe rmi t t ed  
p r o f i l e  measurements which shob t h e  r eve r sed  flow i n  t h e  s e p a r a t e d  r e g i o n .  ' 

14 



IV . I B M  PROGRAM USING GLICK ' s METHOD 

Computer programs were w r i t t e n  fo r  t h e  I B M  1410 us ing  t h e  Gl i ck  method 
The technique used c o n s i s t s  of two programs: a s  exp la ined  i n  S e c t i o n  11-2. 

one t h a t  c a l c u l a t e s  t h e  p r e s s u r e  d i s t r i b u t i o n  ahead of t h e  s e p a r a t i o n  p o i n t ,  
and t h e  second which computes v a l u e s  between s e p a r a t i o n  and t h e  p r e s s u r e  
p l a t e a u .  

The f i r s t  program, between s e p a r a t i o n  and t h e  B las ius  p o i n t ,  r e q u i r e s  t h a t  
t h e  v a l u e s  of g and 5, analogous t o  Mach and Reynolds numbers, be chosen f o r  
t h e  s e p a r a t i o n  p o i n t .  Once chosen, t hese  v a l u e s  a r e  used t o  s t a r t  t h e  s t e p -  
by - s t ep  c a l c u l a t i o n  of equa t ions  ( 7 )  which move upstream t o  t h e  B l a s i u s  p o i n t  
i n  & increments.  The v a l u e s  a t  t h e  Bl.asius p o i n t  a r e  known from equa t ions  
(8) and ( 9 ) ;  hence, r epea ted  cho ices  of g and 6 a t  s e p a r a t i o n  must be t r i e d  i n  
o rde r  t o  end wi th  t h e  c o r r e c t  v a l u e s  a t  t h e  B l a s i u s  p o i n t .  The program, through 
r epea ted  i t e r a t i o n s ,  converges on the d e s i r e d  v a l u e s  of e and 6 a t  s e p a r a t i o n .  
Once t h e s e  a r e  known, e q u a t i o n s  (10) and (11) a r e  so lved  t o  o b t a i n  t h e  p r e s s u r e  
d i s t r i b u t i o n .  

Between s e p a r a t i o n  and t h e  p r e s s u r e  p l a t e a u ,  a . s e c o n d  program which s o l v e s  
equa t ions  (12) was developed. 
a t  s e p a r a t i o n  a re  used a s  i n p u t s .  T h i s  program simply marches i n  & s t e p s  
between s e p a r a t i o n  and t h e  p r e s s u r e  p l a t e a u ,  c a l c u l a t i n g  t h e  corresponding 
p r e s s u r e  r a t i o  and x - l o c a t i o n  v a l u e s  f o r  each s t e p .  

The c and < v a l u e s  found i n  t h e  f i r s t  program 

These programs have'been used t o  reproduce t h e  p r e s s u r e  d i s t r i b u t i o n  c u r v e s  
which G l i c k  is r e p o r t e d  t o  have made using h i s  method. The two c a s e s  which have 
been examined a r e  t h e  Mach 2 . 4 5  and 5 . 8  d i s t r i b u t i o n s .  
c o r r e l a t i o n  t h a t  was ob ta ined  f o r  the Mach 2 . 4 5  c a s e ,  and F igu re  5 i s  fo r  t h e  
Mach 5 . 8  c a s e ,  

F igu re  4 shows t h e  

The c o r r e l a t i o n  was found t o  be ve ry  poor f o r  t h e  Mach 5 .8  problem, G l i c k  
is not e x p l i c i t  i n  h i s  d e s c r i p t i o n  of how t h e  r e s u l t s  he i l l u s t r a t e s  were ob- 
t a i n e d .  However, i t  i s  implied t h a t  he used t h e  same t echn iques  a s  i n  t h e  Mach 
2 . 4 5  c a s e ;  t h a t  i s ,  t h e  mixing c o r r e l a t i o n  f u n c t i o n  C, i s  taken a s  a c o n s t a n t  
equa l  t o  11.0 between s e p a r a t i o n  and t h e  p r e s s u r e  p l a t e a u .  Our r e s u l t s  show 
t h a t  t h i s  v a l u e  i s  much t o o  l a r g e ,  and t h a t  a v a l u e  between 5 .0  and 6.0 would 
produce t h e  d e s i r e d  magnitude f o r  t h e  p l a t e a u  p r e s s u r e .  F i g u r e  5 shows two 
of t h e  a t t e m p t s  t h a t  were made t o  match t h e  cu rve  g iven  by Gl i ck .  I n  one c a s e  
t h e  v a l u e  of C, = 5.0 was used, s t a r t i n g  w i t h  t h e  s e p a r a t i o n  p r e s s u r e  r a t i o  
c a l c u l a t e d  by our program. The second cu rve  s t a r t s  a t  t h e  s e p a r a t i o n  p r e s s u r e  
r a t i o  shown by G l i c k ,  and uses  t h e  value of C, = 5.0 i n  advancing t o  t h e  
p r e s s u r e  p l a t e a u .  

The experimental  r e s u l t s  by P a t e  (19) were used t o  check t h e  computing 
t echn ique .  A computer a n a l y s i s  was performed f o r  a laminar s e p a r a t i o n  a t  Mach 
3.0 and t h e  a n a l y t i c a l  and experimental  cu rves  were found t o  be i n  good agree- 
ment. F u r t h e r  checks w i l l  now be d i r e c t e d  t o  t h e  cases having h ighe r  Mach 
numbers where d i s c r e p a n c i e s  appear most l i k e l y .  
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V. CONCLUSIONS 

V-1. General Remarks 

1. I n  s p i t e  of t h e  long time i n t e r e s t  i n  t h e  laminar boundary layer-shock 
wave i n t e r a c t i o n  problem, a s a t i s f a c t o r y  t h e o r e t i c a l  a n a l y s i s  s t i l l  does not  e x i s t ,  
With a "desired" s o l u t i o n ,  i t  would be p o s s i b l e  t o  c a l c u l a t e  t h e  p r e s s u r e  d i s t r i -  
b u t i o n  a long  t h e  body and i n  t h e  sepa ra t ed  r e g i o n  wi th  on ly  t h e  geometry and 
f r e e - s t r e a m  c o n d i t i o n s  known. 

T h i s  problem c o n s t i t u t e s  a n  important c l a s s  o f  v i scous  f lows i n  which t h e  
s t a t i c  p r e s s u r e  d i s t r i b u t i o n  i s  not  a g iven  datum of t h e  problem, b u t  i s  de- 
termined by t h e  i n t e r a c t i o n  between the  "ex te rna l "  i n v i s c i d  flow and t h e  v i s c o u s  
l a y e r  nea r  t h e  s u r f a c e .  
of t h e  flow s e p a r a t i o n  has  c r e a t e d  a formidable  o b s t a c l e  t o  t h e  development of a 
' q u a n t i t a t i v e  theo ry .  

The l a r g e  number of v a r i a b l e s  involved i n  t h e  d e s c r i p t i o n  

2 .  The a n a l y t i c a l  a t t e m p t s  used t h u s  f a r  have been r e s t r i c t e d  t o  t r y i n g  t o  
match expe r imen ta l  d a t a .  That  i s  t o  say ,  i n  o rde r  f o r  t h e  p r e s e n t  a n a l y t i c a l  
method8 t o  g e n e r a t e  a p r e s s u r e  d i s t r i b u t i o n ,  one must know something about t h e  
a c t u a l  flow field; f o r  example, s p e c i f i c a l l y  where does s e p a r a t i o n  occur and 
where does t h e  flow r e a t t a c h ?  Given t h e s e  "add i t iona l "  pieces of i n fo rma t ion ,  
t h e  p r e s e n t  techniques a r e  capab le  (wi th in  l i m i t a t i o n s )  of g e n e r a t i n g  a p r e s s u r e  
d i s t r i b u t i o n  along t h e  s u r f a c e  which resembles  t h e  d a t a  found expe r imen ta l ly .  
Most methods app ly  o n l y  'in t h e  r eg ion  ahead o f  t h e  i n c i d e n t  shock on t h e  s u r f a c e ,  
However, Pinkus has  extended h i s  formulat ion so t h a t  t h e  flow up t o  reat tachment  
can  be conven ien t ly  handled. 
s o l u t i o n  t o  t h e  problem s i n c e  t h e  p re s su re  d i s t r i b u t i o n  during reat tachment  depends 
on t h e  c o n s t a n t  (K2), which i n  t u r n  depends on t h e  l o c a t i o n  of r ea t t achmen t .  

The Pinkus approach does not produce a "desired" 

3 .  The s e p a r a t i o n  p o i n t  must move upstream a s  t h e  o v e r - a l l  p r e s s u r e  r a t i o  
i s  i n c r e a s e d .  T h i s  i s  due t o  two f a c t o r s :  1) t h e  s e p a r a t i o n  p r e s s u r e  r i s e  i n -  
c r e a s e s  a s  t h e  s e p a r a t i o n  Reynolds number d e c r e a s e s ,  and 2)  a s  t h e  d i s t a n c e  
between t h e  s e p a r a t i o n  and shock impingement i s  i n c r e a s e d ,  t h e  energy of t h e  
f l u i d  p a r t i c l e s  a long  t h e  d i v i d i n g  s t r eaml ine  i s  g e n e r a l l y  i n c r e a s e d ,  t h u s  making 
i t  p o s s i b l e  t o  support  a l a r g e r  reat tachment  p r e s s u r e  r i s e .  The l o c a t i o n  of t h e  
s e p a r a t i o n  p o i n t  i s  i n t i m a t e l y  connected wi th  t h e  v a r i o u s  p r e s s u r e  r i s e s ,  and 
t h e  f low responds c h i e f l y  t o  a n  o v e r - a l l  p r e s s u r e  r a t i o  by p r o p e r l y  a d j u s t i n g  
t h e  p o s i t i o n  of t h e  s e p a r a t i o n  p o i n t ,  

4 .  The p r e s s u r e  d i s t r i b u t i o n  between t h e  B l a s i u s  flow and t h e  s e p a r a t i o n  
p o i n t  does not depend on t h e  downstream shape of t h e  body. The r a t i o  of t h e  
p r e s s u r e  a t  s e p a r a t i o n  t o  t h e  p re s su re  upstream of s e p a r a t i o n  appea r s  t o  be a 
f u n c t i o n  of Mach number and Reynolds number on ly ,  independent of shock s t r e n g t h .  

5. P r e s e n t  methods a r e  not  a p p l i c a b l e  i n  so lv ing  t h e  p r a c t i c a l  problems 
which f a c e  t h e  des ign  eng inee r  because t h e  necessa ry  in fo rma t ion  t o  s t a r t  t h e  
s o l u t i o n s  i s  no t  known. Unless  some r.ule of thumb f o r  p r e d i c t i n g  t h e  s i z e  of 
t h e  s e p a r a t e d  r e g i o n  i s  used, t h e r e  i s  no way t o  app ly  t h e  t echn iques  which 
r e p r e s e n t  t h e  c u r r e n t  s t a t e - o f - t h e - a r t .  

) 
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The above remarks r e p r e s e n t  s t a t emen t s  of a g e n e r a l  n a t u r e .  The remainder 
of t h i s  s e c t i o n  i s  devoted t o  a d i scuss ion  of s p e c i f i c  i t ems ,  

V - 2 .  C(K)  V a r i a t i o n s  and I t s  E f f e c t  on G l i c k ' s  Method 

A s  noted p r e v i o u s l y ,  t h e  lack of knowledge of t h e  c o r r e l a t i o n  f u n c t i o n s  
C ( K ) ,  F (K) ,  and D ( K )  r e p r e s e n t s  t h e  major l i m i t a t i o n  i n  G l i c k ' s  method, 

The e f f e c t  of t h e s e  func t ions  on t h e  p r e s s u r e  d i s t r i b u t i o n  a r e  q u i t e  n o t i c e -  
a b l e ,  a s  may be observed i n  Figure 5 .  The IBM programs desc r ibed  i n  S e c t i o n  I V  
have t h e  f l e x i b i l i t y  of being a b l e  t o  v a r y  C(I<) .  A l l  computations t o  d a t e  have 
used t h e  l i n e a r  c o r r e l a t i o n  f u n c t i o n s  of equa t ions  (6 )  i n  t h e  B l a s i u s  po in t  t o  
s e p a r a t i o n  r e g i o n ,  
r e s u l t  i n  b e t t e r  comparison w i t h  experiment.  

It may be found l a t e r  t h a t  expres s ions  o t h e r  t h a n  l i n e a r  w i l l  

' I n  t h e  s e p a r a t i o n  t o  p r e s s u r e  p l a t e a u  r e g i o n ,  t h e  p r e s s u r e  r a t i o  i n c r e a s e s  
a s  C1 is i n c r e a s e d ,  a s  would be expected. A cons tan t  va lue  i n  t h i s  r eg ion  i s  
o n l y  a " f i r s t "  approximation. 
f u n c t i o n a l  r e l a t i o n s  f o r  C, may r e s u l t  i n  b e t t e r  "un ive r sa l "  v a l u e s .  

A s  more experimental  d a t a  becomes a v a i l a b l e  , 

Much remains t o  be l ea rned  about t h e  i n t e r p l a y  of t h e  c o r r e l a t i o n  f u n c t i o n s  
i n  G l i c k ' s  method. 
d i s t r i b u t i o n  d a t a .  T h i s  d a t a  should cover broad Mach and Reynolds number r anges  
i n  o r d e r  t o  r e s u l t  i n  "un ive r sa l "  c o r r e l a t i o n s .  

T h i s  knowledge hinges on be ing  a b l e  t o  assemble enough p r e s s u r e  

V - 3 .  Normal P r e s s u r e  Gradient  

One of t h e  most important r e s u l t s  of t h e  Schubauer E l l i p s e  i n v e s t i g a t i o n  
::as t h e  d i scove ry  of  a n o r m a l  pressure g r a d i e n t  i n  t h e  s e p a r a t i o n  r e g i o n .  F i g u r e  
6 shows a comparison of t h e  wa l l  p re s su re ,  measured by 16 s t a t i c  p r e s s u r e  o r i f i c e s  
w i t h  t h e  p r e s s u r e  d i s t r i b u t i o n  a t  the o u t e r  edge of t h e  boundary l a y e r ,  c a l c u l a t e d  
from B e r n o u l l i ' s  equa t ion  using the  ue v e l o c i t i e s  talcen from Schubauer 's  v e l o c i t y  
p r o f i l e s .  The agreement i s  reasonably good except i n  t h e  r e g i o n  where flow i n i t i a l l y  
s e p a r a t e s ,  i n d i c a t i n g  t h a t  a normal p r e s s u r e  g r a d i e n t  i s  involved i n  t h e  s e p a r a t i o n  
p r o c e s s .  

The s i g n i f i c a n c e  of t h e  normal p r e s s u r e  g r a d i e n t  becomes obvious when one 
c o n s i d e r s  supe r son ic  laminar f l o w  on a f l a t  p l a t e  w i th  a n  impinging ob l ique  shock 
wave. I n v i s c i d  theo ry  i n d i c a t e s  t h a t  a d i s t u r b a n c e  cannot propagate  upstream; 
however, i f  t h e  c o n d i t i o n s  a r e  r i g h t  t o  cause s e p a r a t i o n ,  t hen  t h e  s e p a r a t i o n  
w i l l  occur upstream of the  impinging shock. T h i s  upstream s e p a r a t i o n  i s  of cour se  
due t o  t h e  p ropaga t ion  of p r e s s u r e ,  from behind t h e  shock wave, upstream of t h e  
shock wave through t h e  subsonic  boundary l a y e r .  T h u s  a normal p r e s s u r e  g r a d i e n t  
ex is t s  a t  t h e  p o i n t  of s e p a r a t i o n  and p l a y s  a s i g n i f i c a n t  p a r t  i n  t h e  s e p a r a t i o n  
p r o c e s s .  
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VI. G U I D E  LINES FQR FUTURE WORM 

E f f o r t  t hus  f a r  has been p r i n c i p a l l y  devoted t o :  1) surveying  t h e  l i t e r -  
a t u r e  f o r  a n a l y t i c a l  s o l u t i o n s ,  2 )  programming of G l i c k ' s  method f o r  I B M  s o l u t i o n ,  
and 3)  c o l l e c t i n g  and c o r r e l a t i n g  exper imenta l  s e p a r a t i o n  d a t a .  
t h i s  p r o j e c t  w i l l  be d i r e c t e d  towards t h e  problem a r e a s  which a r e  desc r ibed  below, 

Fu tu re  work on 

V I - 1 .  Search  f o r  Experimental P r e s s u r e  Data 

The need f o r  more exper imenta l  data i s  t h e  most s e r i o u s  problem c u r r e n t l y  
Laminar s e p a r a t i o n  d a t a  above Mach 3.0 has not been l o c a t e d ,  f aced .  

A l e t t e r  i s  being  s e n t  t o  a number of r e s e a r c h  f a c i l i t i e s  which a r e  engaged 
i n  supe r son ic  and hypersonic t e s t i n g .  It is hoped t h a t  t h i s  w i l l  produce d a t a  
t h a t  w i l l  a i d  t h i s  s tudy .  

V I - 2 .  Two-Dimensional Ana lys i s  

Throughout t h e  course  of t h i s  work, evidence has been accumulating which 
i n d i c a t e s  t h a t  t h e  one-dimensional approach may not be s u f f i c i e n t  t o  e x p l a i n  
t h e  s e p a r a t i o n  phenomenon i n  e i t h e r  subsonic or  supe r son ic  flow. Foremost 
among t h i s  evidence l e  th'e e x i s t e n c e  of a normal p r e s s u r e  g r a d i e n t  i n  t h e  r e g i o n  
where t h e  flow s e p a r a t e s .  Momentum c o n s i d e r a t i o n s  i n d i c a t e  thee  t h e r e  must be 
a s i g n i f i c a n t  normal component of momentum t r a n s f e r  i n  o rde r  t o  support  t h i s  
p r e s s u r e  g r a d i e n t .  F igu re  7 ,  ehowing t h e  v a r i a t i o n  of t h e  e n t r a i n e d  mass f l u x  
w i t h i n  t h e  boundary l a y e r  on t h e  Schubauer E l l i p s e ,  i s  a t y p i c a l  example of t h e  
ab rup t  v a r i a t i o n 8  which t h e  v a r i o u s  boundary  l a y e r  parameters undergo i n  t h e  
s e p a r a t i o n  r e g i o n ,  The d i f f i c u l t i e s  i nhe ren t  i n  a t t empt ing  t o  e x p l a i n  vElriations 
of t h i s  s o r t  i n  t h e  l i g h t  of p re sen t  one-dimensional rneory  a r e  appa ren t ,  

Q u i t e  p o s s i b l y  t h e  combination of t h e  v a r i a b l e  q u a r t i c  v e l o c i t y  p r o f i l e s  
of Tan i  and a two-dimensional a n a l y s i s  could  l ead  t o  a n  improved unders tanding  
of t h e  r o l e  of t h e  normal p r e s s u r e  g rad ien t  i n  t h e  s e p a r a t i o n  p rocess ,  It i s  
t h e r e f o r e  f e l t  t h a t  a b r i e f  a n a l y t i c a l  i n v e s t i g a t i o n  i s  i n  order  t o  determine 
more f u l l y  t h e  advantages  and d isadvantages  of a two-dimensional a n a l y s i s  of 
t h e  s e p a r a t i n g  boundary l a y e r .  Such an  i n v e s t i g a t i o n  might a l s o  provide  h i n t s  
a s  t o  how t h e  v a l i d i t y  of t h e  one-dimensional approach might a l s o  be checked 
expe r imen ta l ly .  
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a 

b 

NOMENCLATURE 

v e l o c i t y  p r o f i l e  parameter,  speed ~f sound 

v e l o c i t y  p r o f i l e  parameter 

mixing r a t e  co r re l a t ' i on  f u n c t i o n  

average v a l u e s  of C(K) 

sk in  f r i c t i o n  c o r r e l a t i o n  f u n c t i o n  

def ined  i n  equa t ion  (3)  

def lned  i n  equa t ion  ( 4 )  

form f a c t o r  H 

.Pinkus parameter 

- 
m 

m 

M 

P 

Re 

U 

U 

X 

Y 

6 

s* 

a r b i t r a r y  parameters  i n  equat ion8  ( 7 )  

mass f l u x  i n  the x - d i r e c t i o n  - $ p u dy 
L 

t m a  

Mach number 

pressure 

' Reynolds number 

v e l o c i t y  in x - d i r e c t i o n  

transformed v e l o c i t y  u 

' coord ina te s  a long  s u r f a c e  

transformed normal c o o r d i n a t e  

r a t i o  of s p e c i f i c  h e a t s  

transformed 6 

boundary l a y e r  t h i c k n e s s  

displacement t h i c k n e s s  

moment urn t h i c  kne s s 

6 

6 
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Crocco-Lees v e l o c i t y  p r o f i l e  parameter 

c o e f f i c i e n t  Sf V i S C Q S i t y  

dens i ty  

B las ius  f l a t  p l a t e  condi t ions  

condit ions  a t  y = 6 

incompressible condi t ions  

condi t ions  a t  separat ion 

f r e e  stream stagnat ion condi t ions  

a t  l oca t ion  x 

mean value  of v i scous  reg ion  

f r e e  stream condi t ions  


